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Zonal Flows
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The Fundamentals

- Kelvin’s Theorem for rotating system

Ċ = 0

- Displacement on beta plane

-

→

→ 2D dynamics

→

relative planetary

geostrophic balance
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Fundamentals II

- Q.G. equation

- Locally Conserved PV

- Latitudinal displacement → change in relative vorticity

- Linear consequence → Rossby Wave

observe:

→ Rossby wave intimately connected to momentum transport

- Latitudinal PV Flux → circulation

n.b. topography
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- Obligatory re: 2D Fluid

-       Fundamental:

→ Stretching

- 2D → conserved

forward 
enstrophy 

range

Inverse
energy 
range How?

with

→ large scale 
         accumulation
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→ Caveat Emptor:

- often said `Zonal Flow Formation       Inverse Cascade’∼=

but

- anisotropy crucial → 

- numerous instances with: no inverse inertial range

ZF formation     quasi-coherent

all really needed:

→ transport of PV is fundamental element of dynamics

→ PV Flux → → Flow

,   forcing → ZF scale,

↔
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→ Isn’t this Talk re: Plasma?

→ 2 Simple Models
a.) Hasegawa-Wakatani (collisional drift inst.)

b.) Hasegawa-Mima (DW)

a.)

→→

b.)

→

e.s.

n.b.

MHD:

DW:
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b.)
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n.b.



An infinity of models follow:

- MHD: ideal     ballooning
          resistive → RBM

- HW +     : drift - Alfven

- HW + curv. : drift - RBM

A�

- HM + curv. + Ti: Fluid ITG

- gyro-fluids

- GK
N.B.: Most Key advances 

                   appeared in consideration      
                    of simplest possible models



:   An Overview `zonostrophic turbulence’ 
in GFD (Galperin, et.al.)



    Is there a unified general principle and/or perspective?



.  Kelvin’s theorem is foundation.

though modulational calculation is useful.

relates flow evolution directly to driving flux via potential 
enstrophy balance



Part II: Heuristics of Zonal Flows

         → Wave Transport and Flows

       → Critical Element: Potential Vorticity Flux



Heuristics of Zonal Flows a):

Simplest Possible Example: Zonally Averaged Mid-Latitude Circulation



Some similarity to spinodal decomposition phenomena 
→ both `negative diffusion’ phenomena

    



Key Point: Finite Flow Structure requires separation of 

                  excitation and dissipation regions.

                  => Spatial structure and wave propagation within are central.

→ momentum transport by waves



→  the Taylor Identity

Separation of forcing, damping regions

↔ stresses
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2)  MFE perspective on Wave Transport in DW Turbulence
• localized source/instability drive intrinsic to drift wave structure

• outgoing wave energy flux → incoming wave momentum flux       →  
counter flow spin-up!

• zonal flow layers form at excitation regions

Heuristics of Zonal Flows b.)

xx
x
x x xx

x
x

x
x
x
x
x
x

x=0

– couple to damping ↔ outgoing wave
   i.e. Pearlstein-Berk eigenfunction
 

–  

– 

      

radial structure

v∗ < 0 → krkθ > 0
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• So, if spectral intensity gradient → net shear flow → mean shear formation

• Reynolds stress proportional radial wave energy flux    , mode 
propagation physics (Diamond, Kim ‘91)

• Equivalently: 

– ∴ Wave dissipation coupling sets Reynolds force at stationarity
• Interplay of drift wave and ZF drive originates in mode dielectric
• Generic mechanism…

Heuristics of Zonal Flows b.) cont’d

x 
x
x
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x
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(Wave Energy Theorem)
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• One More Way:
• Consider: 

– Radially propagating wave packet
– Adiabatic shearing field

•  

•  

• Wave action density Nk = E(k)/ωk  adiabatic invariant
• ∴  E(k)↓ ⇒ flow energy decreases, due Reynolds work ⇒ 

flows amplified (cf. energy conservation)
• ⇒ Further evidence for universality of zonal flow formation 

Heuristics of Zonal Flows c.)
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Heuristics of Zonal Flows d.)
 Ambipolarity breaking → polarization charge  → Reynolds 

stress : The critical connection
• Schematically:

–  Polarization charge

      so                     →                                    ‘PV mixing’

–  If 1 direction of symmetry (or near symmetry):

– Vorticity Flux:                                   Reynolds force         　Flow Drive

polarization length scale ion, electron guiding center density

polarization flux

(Taylor, 1915)

→ What sets cross-phase?
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Heuristics of Zonal Flows d.) cont’d
• Implications:

– ZF’s generic to drift wave turbulence in any configuration: electrons tied to flux 
surfaces, ions not
•  g.c. flux → polarization flux
•  zonal flow

– Critical parameters
•  ZF screening (Rosenbluth, Hinton ‘98)
•  polarization length
•  cross phase → PV mixing

• Observe:
– can enhance eφZF/T at fixed Reynolds drive by reducing shielding, ρ2

– typically: 

– Leverage (Watanabe, Sugama) → flexibility of stellerator configuration
• Multiple populations of trapped particles
• 〈Er〉 dependence (FEC 2010)

total screening 
response

banana 
width

banana tip 
excursion



28

• Yet more:

• Reynolds force opposed by flow damping
• Damping:

– Tokamak         γd ~ γii 
•  trapped, untrapped friction
•  no Landau damping of (0, 0)

– Stellerator/3D        γd ↔ NTV
• damping tied to non-ambipolarity, also
• largely unexplored

• Weak collisionality → nonlinear damping – problematic                    
→ tertiary → ‘KH’ of zonal flow →

         magnetic shear!?
    → other mechanisms?

Heuristics of Zonal Flows d.) cont’d

damping

   

   

– RMP
• zonal density, potential coupled by 

RMP field
• novel damping and structure of 

feedback loop
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4)  GAMs Happen
• Zonal flows come in 2 flavors/frequencies:

–ω = 0  ⇒  flow shear layer
– GAM                                 ⇒  frequency drops toward edge ⇒ stronger shear

• radial acoustic oscillation
• couples flow shear layer (0,0) to (1,0) pressure perturbation
• R ≡ geodesic curvature (configuration)
• Propagates radially

• GAMs damped by Landau resonance and collisions

– q dependence!
– edge

• Caveat Emptor: GAMs easier to detect ⇒ looking under lamp post ?!

Heuristics of Zonal Flows c.) cont’d



PV transport is sufficient / fundamental

→ see P.D. et al. PPCF’05, CUP’10 for 
detailed discussion



Contrast: Rhines mechanism vs critical balance

triads: 2 waves + ZF



Part III: Momentum Theorems for Zonal Flows:
⇒ How Do We Understand and Exploit PV Mixing?

⇒ Toward a Unifying Principle in the Zonal Flow Story via 

Potential Enstrophy Balance



, feeble



flux dissipation

flux :

/ flux

P.E. production directly couples driving transport and flow drive
(akin Zeldovich Theorem in 2D MHD)

      〈 〉 →  coarse graining



  vs





relative “slippage” required for zonal flow growth



Aside: H-M

  



Γo - Γcol → available flux

(fast, meso-scale 
process)



!



→ mean relaxation

→ links ZF for flux drive

A Unifying Perspective: C-D theorem for zonal flow momentum derived based on



critically important







∴ ∇n drives mean flow vs turbulent viscosity





equivalent to



Part IV:    Why Care? Practical Implication!

Momentum Theorems  ↔   Feedback Loops   

↔ Shearing and Energetics
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• ZF ‘shear suppression’ is really mode coupling from DW’s ⇒ ZF’s
– Coupling conserves energy, momentum
– Energy deposited in weakly damped mode with n=0 (i.e. no transport)
– γL ~ γExB  ‘rule’ inapplicable to ZF dynamics  ⇔  rather, accessibility of state with 

increased energy partition  EZF/EDW ⇔ LRC ~ EZF/EZF+EDW

–     ⇒ need address all aspects of the problem

Why care?: Shearing and Energetics

N.B. Momentum Thm. is underpinning of 
`feedback loop’ structure
→ “Suppression” and “stress” locked 
together



N.B. FEC2010:

- Mounting discussion that  〈VE〉’ changes not well 

correlated with L  →  H and other transition

But also:

- More observations of predator-prey interaction 
(also Zweben, APS) as harbingers of transition



# Overview of TJ-II 
experiments 

The L-H transition appears more 
correlated with the development 
of fluctuating Er than steady-
state Er effects 

  (T. Estrada et al., PPCF-2009).

Fluctuating sheared flows and L-H transition

Doppler 
Reflectometer
ρ=0,8
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• DW-ZF turbulence ‘nominally’ described by predator-prey

• Can have: 
– Fixed point 
– Limit cycle states,

– depends on ratios of V dampings ⇒ phase lag

• Major concerns/omissions
– Mean ExB coupling?
– Turbulence drive  γ   ⇒  flux drive   ⇔  avalanching?  ⇒ not a local process

– 1D ⇒ spatio-temporal problem (fronts, NL waves) ?  ⇒  barrier width

– NL flow damping ?

Self-Regulation and Predator-Prey Models

Prey ≡ DW’s  ( N )  ↔ forward enstrophy scattering

Predator ≡ ZF’s ( V2 )  ↔ inverse energy scattering

Configuration ⇒ coupling coeffs.

growth suppression self-NL

stress drive ZF damping NL ZF damping

N.B.  Suppression + Reynolds 
terms αV2N cancel  for 
TOTAL momentum, energy
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• ∇P coupling 

• Simplest example of 2 predator + 1 prey problem
i.e. prey sustains predators
      predators limit prey

But: - 2 predators ( ZF, ∇〈P〉 ) compete

      - ∇ P enters drive -> trigger

• Relevance: LH transition, ITB
– ZF ⇒ triggers ⇒ rapid growth

Self-Regulation and Predator-Prey Models

Ɛ ≡ DW energy

VZF ≡  ∂rNZF ≡ ZF shear

Ɲ ≡ ∇〈P〉 ≡ Pressure gradient

γL  drive
〈VE〉’

useful feedback E. Kim, P.D., 2003
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•  

• Observations:
– ZF’s trigger transition, ∇〈P〉  locks it in

– Period of dithering, pulsations …. during ZF, ∇〈P〉 coexistance as Q 

↑
– Phase between Ɛ , VZF , ∇〈P〉  varies as Q increases

– ∇〈P〉  ⇔  ZF interaction ⇒  effect on wave form

Self-Regulation and Predator-Prey Models

Solid - Ɛ

Dotted - VZF

Dashed ∇〈P〉
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• Comparison with and without 〈VE〉’  ⇔  ZF-〈VE〉’ mode 
competition ⇒ evolution as probe of theory ?!

Self-Regulation and Predator-Prey Models

with without
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Self-Regulation and Predator-Prey Models
P.D., et al., FEC 1994
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• TJII (FEC 2010)
– Gradual Transitions ( P ~ PThresh )

– Appearance of Limit Cycle Er , n

• Conway (FEC 2010)
– Cycles / Pulsations in I-phase
– 3 players : GAM, ZF, 〈U⊥〉
– GAM as LH trigger

• Miki, Diamond (FEC 2010)
– ZF, GAM multi-predator problem
– Pulsation as co-existance

Recent Events
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Conway, et al., FEC 2010
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Conway, et al., FEC 2010
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Multi-predator-prey model for ZF/
GAM system

Drift wave 
turbulence

N

Zonal Flow 
U=<vE>

Anisotropic 
pressure(GAM)
G=<p sin θ>

Anisotropic 
parallel flow 
V=<v|| cos 

θ>

Nonlinear coupling 
treated by wavekinetic 
theory.

Geodesic Curvature:
Leakage by ExB flow 
conservation in 
toroidal plasmas

Sound wave 
Propagation:
Leakage by toroidal flow

Prey Depends on 
mode frequencies

Predators
⇒ multiple competition for 
‘ecological niche’ to feed on prey…

Miki, P.D., FEC 2010
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GAM shearing [Miki ‘10 PoP] shows different population and dynamics for different 
frequency shear flows must be considered for turbulence suppressions.

Shorter GAM autocorrelation reduces the efficiency of turbulence suppression

Therefore, in discussion of turbulence suppression by the GAM, comparison 
of shearing partition is necessary

Ratio of SHEARING
Shearing partition of GAM to total ZFs

where 

GAM shearing can be estimated by the autocorrelation times representing 
resonances between drift wave and GAM group velocity – “GAM shearing”

r/a
η

SOL

Effectiveness 
of GAM shear 
stronger at 
edge

Auto-coherence time of GAM wave 
packet
propagating shear!

E E

(cf. effective reduction of time varying ExB shearing rate [Hahm ‘99 PoP] ) 

1/τc

ωGAM

)GAM(



=A0E0

=AωEω

⇒ Predator-prey model with nonlinear multi-
shearing comprehends two new roles and reveals 
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+ 
h.o.t.

Introduce competition 
between ZF and GAMDrift wave 

turbulenc
e

Zero-
Frequency 

Zonal 
Flow(ZF) 

Finite 
frequency 
Zonal Flow

(GAM)
Predator-
prey 
Shearing(αω)

(α0)

γ00

γωω

γω0 γ0ω

Δω

γL

γ0

γω

Mode 
Competitio
n

Turbulenc
e 
mediation

Self-suppression 
of ZF/GAM
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Possible Fixed points in the 
multiple shearing predator-prey 

1.L-mode sate
2.ZF only state

3.GAM only state

4.Coexisting state (ZF+GAM) 

Which states are stable is determined by system 
parameters – γL (gradient), q(r ), ν, etc. 
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We observe hysteretic behaviors in the E0/Eω ratio with respect to 
LT

-1, related to bistability

Bistability in shear field of low frequency and high frequency ZF due 
to different shearing effects. 

ZF dom.

Coex. GAM dom.

•Application of noise can affect transition path?   (cf. [Itoh ’03 PPCF])
•Possibly mean flow can change states.

Criterion: 
For some parameters

Increasing LT
-1

Decreasing LT
-1

Turb. 
intensity

NOTE: 
This is NOT the 
hysteresis seen in L-H 
transition! 

Turbulence drive



Lessons 
1. Broadband shearing has coherence time, as well as strength

2. ZF/GAM interaction → multi-shearing competition 
         → Minimal:1 prey + 2 predators (ω~0, ωGAM)

3. Minimal multi-shear cannot account of GAM/ZF coexistence.
 Mode competition required

4. Considered one mechanism for mode competition via coupling 
higher order wavekinetics.
 Turbulence mediation is central

5. States: L, ZF/GAM only, coexistence
6. States and sequence of progress selected by (R/LT-R/LTcrit) 

evolution and parameters.
 ZF → coexistence → GAM, transition

7. Bistability in shearing field (envelope) possible → jumps/transitions 
between GAM/ZF state possible

8. To characterize competition, compare → γ, α, damping, τc . 59

 η →shearing partition



V.) But REAL Men Do Gyrokinetics...?!



links

Yes, as has Kelvin’s Theorem!





















→ Wake



VI.) The Current Challenge:

Avalanches, ‘Non-locality’ 
and the Zonal Flows
 ⇒ the PV Staircase



Dif-Pradalier, Phys Rev E. 2010



The point:

- fit:          

- i.e. 

- Staircase `steps’ separated by       !    

→ What is process of self-organization linking avalanche scale to zonal pattern step?

avalanche scale correlation scale

i.e.
How extend predator-prey feedback model to encompass both avalanche and zonal flow staircase?
Self-consistency is crucial!

→ some range in exponent

N.B. 
-  The notion of a `staircase’ is not new - especially in systems with natural 
   periodicity (i.e. NL wave breaking ....)

-  What IS new is the connection to stochastic avalanches, independent of geometry



A Possible Road Forward...

→ The idea:

Avalanches         shocklets → Burgers turbulence, etc (cf: Hwa, Kardor, P.D., Hahm)

→          , scale invariance, etc

staircase → pinned or punctuated  
                  profile jumps?

pinning enforced by shear suppression
→ shear staircase (via feedback)

→ strategy:

- [avalanches + shear suppression] + [drift-zonal turbulence driven by near marginal gradient]

→ staircase?

- Test: Is staircase structure robust to changes in noise spectrum?

[N.B.: staircase not linked to q resonances]



The Model:

- Profile deviation from criticality (Hwa, Kardar; P.D., Hahm)

- Intensity Evolution

- Flow

   avalanching
+ shearing form factor

diffusion (i.e. neo)

noise, variable spectrum

ZF scattering profile deviation from marginal
→ drive        avalanche

NL (model)

modulated stress → compute via WKE



- For modulation:

Related?:

- coupled spatial, spectral avalanches: P.D., Malkov,; Kim, P.D.

- structure of PV flux?: (Hsu, P.D.)

v.s.

diffusion negative-diffusion hyper-diffusion

⇒ ZF as spinodal phenomena



VII.) Open Issues and Plans



magnetic field inhibition of PV mixing ?
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c.) More practical matters:
• Extract information from phase lag, during slow ramp-up

• 0D → 1D  :  space – time evolution of turbulence profile               
→  population density evolution, staircase

• Critical parameters re: transition → macro-micro connection

–Relation to LRC → EZF/EDW ratio, etc. ⇒ quantitative result!?

–Bursts and bistability

–1/τc,turb vs ω(k) GAM vs 〈VE〉’ GAM → NL GAM dynamics

–Relation to ‘benevolent’ pedestal modes: WCM, QCM, EHO, …
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• Er reduced ZF screening → bias → threshold reduction and control

• ‘Holistic’ studies → examine trade-offs in optimizing access to H-

phase

• Is there a unique trigger mechanism or pathway to LH transition? 

Need there be? How fit in I-mode?

–Dynamics of ITB transition: similarities, differences?

–Slow back transitions?

–Better understanding of resonant q  ⇔  ZF link →intensity profile ?!


